We present a computational study of the hydrodynamic coarsening in 3D of a critical mixture using the Cahn-Hilliard/Navier-Stokes model. The topology of the resulting intricate bicontinuous microstructure is analyzed through the principal curvatures to prove self-similar morphological evolution. We find that the self similarity exists for both systems: iso-viscous and with variable viscosity. However the two system have distinct topological character. Our simulations confirm that the predicted viscous growth regime exists in both cases. Moreover the coarsening rate is inversely proportional to an effective viscosity that is the geometrical average of the viscosities of the two phases.
INTRODUCTION
Among the physical process leading to the formation of a microstructure, phase separation is ubiquitous. It is seen in glasses [1] and polymer blends [2] , and can be divided into two stages. First, the unstable mixture phase separates at a characteristic length-scale, l [3] . When the volume fraction of one phase is close to 0.5, the initial microstructure that arises consists of two interlaced percolating clusters (see fig:1 )while for significantly lower volume fractions it consists of isolated droplets in a matrix of the majority phase. This pattern evolves under the effect of diffusion [4] (diffusive coarsening) or of fluid flow [5] (viscous coarsening), resulting in an increase of the characteristic length l. It is widely acknowledged that this process is self similar and in the case of diffusive coarsening, based either on analytical [4] or numerical work [6] strong arguments in favour of this hypothesis can be found.
In the case of viscous coarsening, such arguments are still lacking. Indeed Siggia [5] , assuming a priori self similarity, proposed, using a scaling argument, that after an initial diffusive coarsening stage where the characteristic length grows as t 1/3 , coarsening is governed by fluid flow. This later regime is characterized by a growth of the characteristic length at a constant velocity. Later, some consequences of self-similarity were observed in experiments [7, 8] and numerical simulations [9] [10] [11] that were conducted in the symmetric case where the volume fraction of both phases is 0.5 and where they share the same viscosity, and laws that account for inertial effects were proposed [12] [13] [14] [15] [16] . However they were limited to the perfectly symmetric case and the existence of the viscous self similar coarsening regime remains to be confirmed in the more general case where the symmetry between the two phases is broken. Moreover, the method of analysis relied on the structure functions that cannot capture the fine details of the microstructure and more importantly give no information about its topology. Herein, inspired by recent experiments using X-Ray tomography [17, 18] that show that the viscosity contrast dramatically affects the evolution of the pattern, we use the procedure developed by Voorhees [6] to test self-similarity during viscosity governed coarsening in numerical simulations of the Cahn-Hilliard/Navier-Stokes (NSCH) model and we explore the effect of viscosity contrast of the phases on the persistence of self similarity and the topology of the interconnected structure. We first study the hydrodynamic coarsening of an iso-viscosity sample, give stronger arguments in favour of self similarity and show that, contrary to previous estimates, inertial effects significantly modify the coarsening rate for Reynolds number as low as 1. Next the effects of symmetry breaking between the phases (here the introduction of a viscosity contrast (ratio of viscosities)) are considered and the results allow us to propose an effective viscosity for the coarsening rate and to give strong arguments in favor of the previously postulated self-similar evolution of the structure when symmetry is broken. In addition, we give quantitative measures of the changes of the selfsimilar structure.
THEORY AND MODELING
The thermodynamics of a binary fluid is well described by the diffuse interface theory of Cahn and Hilliard [19] . The simplest symmetric form of the Cahn-Hilliard freeenergy reads as:
Here ǫ and A are model parameters, that used to adjust interface tension to γ = 0.0042. as in our reference [11] . This case, the coarsening dynamics via convection and diffusion is governed by the coupled Navier-Stokes (NS) (eq.4) and the convective Cahn-Hilliard (CH) (eq.2) equations (NSCH): The Navier-Stokes/Cahn-Hilliard [20] model was used along with the incompressibility constraint (eq.4):
In the convective Cahn-Hilliard equation (Eq. 2 D) is the diffusion constant, µ = δF /δc is the chemical potential that derives from the CH free energy. In the Navier-
is the composition dependent kinematic viscosity and ρ mass density was chosen to unity except specified otherwise. We define here the viscosity contrast as V C = ν h /ν l . The first −∇p term on the RHS includes the diagonal components of the capillary stress tensor, and a Lagrangian multiplier that forces incompressibility. While the second term on the RHS connects the Navier-Stokes equation and accounts for capillary forces that are non vanishing due to incompressibility. We note here, that the pseudospectral scheme we have implemented does not require to explicitly compute the pressure. The NSCH model reproduces well the initial phase separation followed by the coarsening of the microstructure that is due to diffusion at small length-scales with a characteristic length-scale growing as l = t 1/3 [4, 21] . At larger length scales the coarsening is driven by convection that is governed by surface tension and viscous dissipation. As a result l grows linearly: l = (γ/(ν))t = v 0 t [5] where γ is the surface tension and ν is the viscosity of the fluid when V C = 1. The transition from the diffusive growth to a viscous growth occurs when v 0 is much larger than the growth velocity associated with diffusion (which itself is a function of the mobility of chemical species). This translates into the fact that the Peclet number (P e = lv 0 /D) is large. Reynolds number Re, defined as l/l 0 where l 0 = ν 2 /(γρ) is sufficiently small)
RESULTS
Since we consider the effect of the symmetry breaking induced by the viscosity contrast on the viscous coarsening we have chosen to limit ourselves to the case where the volume fraction of each phase is 0.5 for which the bicontinuous morphology, that is necessary to the Siggia's scaling, is more robust.
Symmetric regime
First we present a few results in the case of the isoviscosity regime and briefly discuss the effects of diffusion. Indeed for a given diffusion constant, one can tune the Siggia's flow velocity v 0 = γ/(ρν) (i.e. the Peclet Number) without altering the value of l 0 = that fixes the value of Re = l/l 0 : multiplying ν by 2 while dividing ρ by 4 keeps the value of l 0 unchanged while the velocity of the flow is multiplied by 2. If diffusive effects are small, this changes only the average value of dl/dt by a factor of 2 while if diffusive effects are significantly contributing to domain growth, the growth rate measured with 4ρ, ν/2 should be smaller than twice the growth rate measured with rho, ν (inertial effects induced changes are absent since Re is kept constant). In figure 2(b) , the growth velocity as a function of l is plotted and while for ν = 8 and ρ = 1, the diffusion effects are significant at low l, for ν = 16, 32 and ρ = 0.25, 0.0625, they can be neglected: the growth velocity is constant and independent of l within fluctuations, due to the finite size of the simulation.
Hence, with ρ = 1 and the kinematic viscosity ν < 8, diffusion effects can be neglected. In fig. 2 (a) we plot the growth velocity of domain size as a function of the inverse of the kinematic viscosity. For high values of ν, the growth velocity is proportional to 1/ν while for smaller values there is a clear departure from linear behaviour proposed in [5] . The onset of this deviation occurs for ν ≈ 1 and is significant for ν = 0.5. Hence there is a parameter range for which the domain growth is apparently linear (with the restriction that only finite size domains are considered) with time while the scaling law proposed by Siggia is no longer valid since the prefactor is no longer independent of ν. As a result the effects of inertia are present well before they lead to a visible departure from linear growth over the length span of our simulations.
Here we have characterized the various regimes of domain growth and how they are related. We have also drawn a clear picture of the iso-viscous domain growth for a given value of the surface tension (γ = 0.0042) and the fluid density (ρ = 1). For a kinematic viscosity ranging from 4 to 1, and domain sizes ranging from 5 to 100, the growth regime can be described as purely viscous.
For lower values of ν (corresponding to Re ≈ 1), a clear departure from this regime due to inertial effects can be seen. For higher values of viscosity,(i.e P e < 5.) the contribution of diffusion to viscosity can no longer be neglected.
Symmetry breaking induced by the viscosity contrast
We now consider the evolution of the microstructure when the two phases have different viscosities denoted ν h (resp. ν l ) for the most (resp. less) viscous phase. The viscosity contrast (V C) is the ratio ν h /ν l and ranges from 1 to 128. We first focus on the evolution of the characteristic length l when ν h is small enough to guarantee that diffusive effects can be neglected after a short transient regime. In such situations, the domain growth over time is linear with a velocity that is a function of both ν h and ν l . In the spirit of [22] we seek an effective viscosity ν eff for the two phase fluid such that the growth velocity is v(ν eff ) where v(ν) is the growth velocity of the V C = 1 fluid of viscosity ν[23]. We consider the following simple forms of the effective viscosity: the arithmetic mean (ν eff = (ν h + ν l )/2), the geometric mean (ν eff = √ ν h ν l ) and Onuki's formula ( 1/ν eff = (1/ν h + 1/ν l )/2). The results are summarized in figure 3 and indicate that the use of the geometric mean ( √ ν h ν l ) leads to a very good collapse of the curve giving the coarsening rate as a function of the effective viscosity in the linear regime and still a good collapse when inertial effects are present. Other propositions for the effective viscosity are far less convincing.
Finally we describe the effects of the viscosity contrast on the microstructure. To this purpose we consider three values of the viscosity contrast (1, 16 and 128) and choose With this parameter set the Probability Distribution Functions (PDFs) of the principal curvatures (rescaled by l) are independent of ν ef f and of the initial conditions as can be seen in the supplemental material, indicating the genericity of the results presented here. In fig.4 the contour lines of the PDFs in the two extreme cases (V C = 1 and V C = 128, with ν ef f = 8) are plotted. As expected in the V C = 1 case, the PDF is symmetric with respect to the axis lκ 1 = −lκ 2 and the contours corresponding to two times where l ≈ 23 and to l ≈ 84 , the PDFs are indistinguishable, indicating the self similar nature of the domain growth. In addition we note that the contribution of the regions where κ 1 is of the same sign as κ 2 is negligible.
This self similar behaviour holds in the case V C = 128, but the symmetry breaking that cannot be seen from the structure functions (see. supplemental material) is obvious from the contour plots which are no longer symmetric with respect to the axis κ 1 = −κ 2 . One should also note that the contribution of the regions where κ 1 κ 2 > 0 is no longer negligible. This indicates that some parts of the interface between the fluids are spherical caps and such structures were not present in the V C = 1 case. This is confirmed by the plot of the PDF ( fig. 4 (c) )of the Gaussian curvature where for viscosity contrast 16 and 128, the contribution of the κ g > 0 part of the curve is not negligible while for V C = 1 it is. Finally, we show the evolution of the rescaled genius number (g closely related to the Euler's characteristic χ: see supplemental material) as a function of l for these three values of V C. As expected for a self-similar growth the genius is approximately constant for a given value of V C. It is higher in the case V C = 1 than in the case V C = 16 and V C = 128. Nevertheless, the difference between the values is fairly small and there is an increasing level of noise in the value of the computed genius when l increases that prevents from finding any more accurate trend on the behaviour of the genius as a function of the viscosity contrast. The values computed here are similar to the one found in [24] (≈ 0.13) in the case of diffusive coarsening.
The experimental results from [17, 18] give a growth of the Euler characteristic as 0.98l
1/3 for a V C ≈ 10
5
and a volume fraction ≈ 0.45 while our results would correspond to a growth as 0.7l 1/3 . The difference can be attributed to the dramatic difference in parameter values. From a more qualitative point of view, we find noteworthy the fact that the PDFs of Gaussian curvature when the viscosity contrast is increased present a significantly higher contribution of κ g > 0, that corresponds to spherical caps (that are absent in the case V C = 1) since in the experiments with high values of V C, spherical inclusions are observed.
CONCLUSION
Here, the hydrodynamical coarsening of a two phase mixture in a perfectly symmetric case (volume fraction 0.5 and same viscosity) and in an asymmetric case (viscosity contrast) is studied numerically. The analysis of the PDFs of the principal curvatures gives strong arguments in favour of the self similar nature of the viscous coarsening in both cases. In addition, the analysis presented here allows a good description of the geometry and topology of the patterns. More specifically, the effects of the symmetry breaking on the morphology are described and a qualitative agreement with experiments [17, 18] is found.
When considering the kinetics of the coarsening process, we show that linear growth regime predicted by Siggia [5] actually exists in the case where the two fluids have the same viscosity for values of the Reynolds number below 1. When symmetry is broken by the introduction of a viscosity contrast between the phases, the linear growth persists with a growth rate that corresponds to the geometrical mean of the viscosities of the two phases.
Further understanding of the microstructure formation during coarsening should be gained by study of the pat- tern formation process in the off critical mixture ϕ = 0.5 where we expect to observe dramatic topological changes during the coarsening process. This work was granted access to the HPC resources of IDRIS under the allocation 2016-A0022B07727 made by GENCI (Grand Equipement National de Calcul Intensif). The authors benefited from the support of the Chaire StGobain of Ecole Polytechnique for travel expenses. And most importantly they benefited from stimulating discussion with D. Vandembrouq and E. Gouillart. Here, to help the reproducibility of our results, here we present in more details the model we used for our simulations, and we describe the numerical implementation and describe how simulation data were analyzed, that is how quantities such as the curvatures were computed and how PDFs of the curvatures were estimated. In addition we present curves obtained with different parameter values that confirm the genericity of our results.
I. DETAILS OF THE MODEL
We assume, that the Helmholtz free energy of an inhomogeneous two-component system can be expressed as a functional of the concentration. In the simplest case, the free energy has the well known, symmetric Cahn-Hilliard form [1] :
, herein our choice of the parameters were A = 0.0625 × 4 and ǫ . Also we have used Kendon's results as reference when validating our implementation of the model. In a two-phase equilibrium, can be realized by minimizing the free-energy functional the phase boundary is characterized by a diffuse interface, where the composition vary between c = 0 and c = 1 as a hyperbolic tangent function: (1 + tanh(x/w int ))/2). The diffuseness of the phase boundary is characterized by the interface width w i nt, and it is relates to the parameters of the free energy as w int = 4ε 2 c /A = 1.6. The free energy also defines the equilibrium surface tension for our choice of parameters as γ = 0.0042. We mention here, that the relevant parameter in our numerical experiments is the surface tension, since the interface thickness plays minor in the coarsening regime, where the characteristic length of the microstructure is considerably larger, that the interface width.
While the derivation of the diffusion fluxes from the free-energy functional is widely known, various formalisms that represent a reversible capillary stresses often leads to confusion. Formally, reversible stress R relates to the free-energy as ∇ · R = −c∇(δF /δc) through the least action principle for conserved variables. Accordingly the reversible stress tensor can be written in the following form [3] :
where φ = Ac 2 (1−c) 2 is the local contribution to the free-energy, and the corresponding terms in R represents osmotic pressure. The diagonal elements of first term in the RHS are isotropic therefore represents a pressure p and therefore eq.2 can be, in the case of incompressible fluids, rewritten:
We note here, that p may also include additional Lagrangian multipliers that relate to the divergence free projection, or guarantee c i = 1 in a multicomponent system [4] . In our incompressible case the pressure term does not contribute to the fluid flow. As a result the second term of R is solely responsible for capillary stress.
II. NUMERICAL IMPLEMENTATION
Pseudo-spectral methods has long been used to compute turbulent flows [5, 6] , and multi-phase flows [7] due to their high spatial accuracy(i.e. both amplitude and phase errors decaying exponentially with the resolution). The low dispersion characteristics of the method ensures, that the subtle balance between inertial and viscous forces will not be modified by the numerical dissipation. A further advantage of the method, that a numerically more stable solution is possible using the operator splitting technique at no extra cost: using backward Euler time integration for the viscous term, while forward Euler for the remaining terms. Besides is is straightforward to "force" incompressibility using the Helmholtz theorem: projection to divergence-free velosity field does not require to explicitly compute pressure, that used to force incompressibility.
While the spectral discretization is straightforward for most of the terms in the equations, the effective computing of spatially varying viscous dissipation needs special treatment: again the operator splitting technique is applied, following Zhu et al. the viscosity term is split to a homogeneous and an inhomogeneous term that ensures improved stability [8] . Our implementation of the method is featuring concurrent execution using the MPI standard. The measured scaling of efficiency on massively parallel hardware (IBM Blue Gene/Q) is excellent which allowed us to run simulations of domain of size 512 3 and 1024 3 . The later grid size was used to confirm result obtained using the smaller grid and to have a statistically representative sample when computing the PDFs of the curvatures. The code was validated by comparing our simulations results with the Run 28 of [2] and using the same quantity to measure a characteristic length. The coarsening rate we computed matched the one from [2] with a relative error smaller than 2% which is excellent considering that our incompressible fluid flow model differs from Lattice Boltzmann Model, that has been used in the reference work. Besides comparing to a reference solution, we have performed convergence analysis via varying the grid-spacing between δx = 1 and δx = 4. It was concluded, that reasonable accuracy can be obtained up to δx = 2. We note, that in practice, the spatial resolution is limited by the computations of the principal curvatures. Similarly, the convergence on δt is investigated, and the reasonable time resolution was dependent on the characteristic flow velocity.
The initial condition, in order to save some computing time and to avoid that the flow affects the early stage of phase separation in an uncontrolled manner was obtained by filling the computational domain with small spheres (of radius ≈ 2) of one phase until the desired volume fraction was reached. In the case where the volume fraction is 0.5, using oblate or prolate ellipsoids with an aspect ration up to 10 did not change the statistics of the self-similar steady state.
III. DETAILS OF THE METHOD OF ANALYSIS
It is common that the coarsening rate is described by the varying characteristic length of the interconnected domains. It can be either the ratio of the n th and (n + 1) th moment of the structure function where n can be chosen arbitrarily or it can be the ratio of a characteristic volume over a characteristic surface: l = V /S. To evaluate the latter can be challenging, when using diffuse interface models where the interface is defined implicitly, since resolving even the smallest features of the topology is required. As an alternative, we take advantage of the fact that here, the total surface energy in the computation domain can be measured with high accuracy. Then dividing it by the surface tension of the planar interface approximates accurately the characteristic surface.
Besides the length-scale, the curvature of the interfaces is characteristic to the microstructure. Computing it with accuracy is a challenging task. In a similar fashion to [9] , to avoid discretization effects, when extracting the curvature data, we first interpolated c on a finer grid with grid spacing ∆x = 0.5, ran a few CH steps (without flow) in order to regularize the interface without changing the topology and finally used implicit formulas for the curvature [10] :
where H is the symmetric Hessian matrix: H ij = ∂ 2 xi,xj c and H * is the co-matrix of H. The principal curvatures can easily be computed:
Once the curvature field were computed, the contribution of each point to the Probability Distribution Functions (PDFs) of the curvature was taken to be the local surface energy density e. Such an approach has the advantage of avoiding the computation of the explicit interface and then interpolating the curvature on the interface. It suffers from the fact that the curvature are not computed at the exact interface and therefore some limited interface thickness (vanishing with w int /l) effects are expected. The genius is a topological invariant of the structure (related to the Euler's characteristic) and is
It characterizes the topology of the surface and depends on the number of cavities, holes and inclusions of the microstructure. In a self-similar growth one expects the density of such topological structure to scale as l −3 . As a result the rescaled genius is simply g/(V /l 3 ) should be constant in and it indicates the complexity of the topology of the microstructure. In the peculiar case of our diffuse interface model we used the following formula for the genius:
where e is the local surface energy density.
IV. COMPLEMENTARY RESULTS
The results presented in the main text are only a part of the simulations we performed during this work. Here, in order to show that the behaviour is actually robust to parameter changes, we present the results of simulations performed with different parameter sets and different initial conditions. In addition, since such plots are commonly used in the literature, we also plot the structure functions corresponding to our simulations and give a rationale for not limiting ourselves to them.
First, we have checked, as one would expect, that the microstructure characteristics are independent of the viscosity, but solely depends on the viscosity contrast. To this purpose we present in fig.1 the PDFs of the main curvatures for simulations performed with ν ef f = 4, 8, and 16 and for two values of the viscosity contrast V C = 1 and 128. One can see on the figure that the contour lines of the PDFs (using a linear scale) are very close to each other for each of the values of ν ef f . Moreover, we have checked that in all cases the self similar behaviour holds. This clearly indicates that the self similar final microstructure is independent of the viscosity as long as inertial effects are not present.
In a second step, we have performed simulations using different initial conditions in order to check that it does not have influence on the characteristics of the self similar microstructure. To this purpose we performed simulations with a given value of the viscosity contrast V C = 128 until the self similar regime was reached (i.e. a regime where the rescaled PDF of curvatures is stationary). Then the viscosity contrast was modified (either to V C = 1 or V C = 1/128 by inverting the phases). In both cases after a short transient regime, the PDF of the curvatures was the same as the one observed in simulations with a constant value of V C. This indicates that the characteristics of the pattern are independent of the initial condition. These results show that the phenomenon described in the main text are robust (in the limits of viscous coarsening) to parameter changes and to initial condition changes. Now, for the sake of comparison with other works we present briefly the structure functions in the cases V C = 1 and V C = 128. They are represented in fig. 2 With no surprise, they confirm the self-similar nature of the structure since after rescaling by the characteristic length, the curves obtained for a given value of V C collapse very well on a single master curve. The comparison of our V C = 1 curve and the V C = 1 curve presented in [2] shows a very good qualitative agreement. When comparing the V C = 128 curve with the V C = 1 curve, one can see that the V C = 128 curve has a broader maximum than the V C = 1 curve hand does not present a marked shoulder at moderatedly high kl. This indicates that a broader distribution of length scales is present in the microstructure and it can also be seen when considering the PDFs of the curvatures since there, the maximum of the distribution is less marked in the case V C = 128 than in the case V C = 1. But, the structure function cannot capture the symmetry breaking induced by the viscosity contrast between the phases that is clear when considering the PDFs of κ 1,2 where the contour lines are no longer symmetric with respect to the axis κ 1 = −κ 2 .
